One-dimensional electrons with a linearized dispersion relation are equivalent to a collection of harmonic plasmon modes, which represent long wavelength density oscillations. An immediate consequence of this Luttinger model of one-dimensional electron systems is the absence of inelastic scattering processes responsible for the relaxation of nonequilibrium states. In a generic nonlinear Luttinger liquid plasmons may decay and thus acquire a finite lifetime. We show that equilibration of plasmons is hierarchical and has profound implications for the dynamics after a thermal quench. We also develop a thermal transport theory and compute thermal conductance of the nonlinear Luttinger liquid by treating the collision integral of plasmons in a manifestly nonperturbative way.
I. INTRODUCTION
The kinetics of nearly integrable quantum many-body systems is the subject of ongoing study. One-dimensional (1D) systems are special in this regard since several exact solutions are known, 1,2 and perhaps using them for generic models where integrability is broken weakly makes a good starting point. Integrability ensures that scattering of the particles of an N -body system is exactly equivalent to a sequence of pair-particle collisions, and thus the set of incoming momenta for any scattering event coincides with the set of outgoing momenta. Such non-diffractive scattering does not alter the distribution function and is unable to drive the system towards thermal equilibrium. A quantum Newton's cradle, realized with trapped 1D Bose gas, gives the best example for such long-lived out-of-equilibrium quantum states unaffected by binary collisions. 3 The exactly solvable Tomonaga-Luttinger (TL) model 4, 5 provided a framework for the study of 1D electron liquids as realized in quantum wires, nanotubes and edge states, see Ref. 6 for a recent review and comprehensive list of references. This model was extremely successful in predicting peculiar properties of such Luttinger liquids (LL), most notable ones being power-law anomalies in the tunneling density of states, 7 and effect of spincharge separation. 8 However, it also possesses some serious deficiencies. Within the Luttinger model excitations have infinite lifetime, which implies the lack of equilibration. Interactions in the perfect Luttinger liquid conductor do not affect two-terminal conductance as compared to its noninteracting value G 0 = 2e 2 /h. Due to builtin particle-hole symmetry TL model misses completely effects such as thermopower, photo-voltaic response etc.
The resurgence of interests in 1D electron liquids is triggered by experimental results which clearly fall outside of the LL paradigm. Energy and spatially-resolved tunneling spectroscopy with quantum wires 9,10 and local thermometry with driven quantum Hall edge states 11, 12 provided direct evidence for the electronic thermalization in 1D systems. Transport measurements in low density wires revealed deviations from perfect conductance quantization [13] [14] [15] [16] [17] and violation of the Wiedemann-Franz (WF) law. 18, 19 These observations attracted much theoretical attention and brought to the agenda the new concept of nonlinear Luttinger liquids. 20 In the context of the recent studies the subjects of our interest are (i) the microscopic mechanisms of relaxation in the generalized TL description of 1D electron liquids, which amounts to keeping anharmonic interactions between plasmons, and (ii) the way such liquids transfer energy.
Study of the thermal transport in LL was pioneered by Kane and Fisher.
21 They concluded that: (i) in pure LL the thermal conductance K does not depend on interaction and coincides with its noninteracting value
2 and the WF law holds.
(ii) In the presence of a single impurity strong electron backscattering modifies both G and K so that L/L 0 = 3/(2κ + κ 2 ) for the Luttinger interaction parameter 1/2 < κ < 1, while the Lorentz number diverges L ∝ T 4−2/κ as T → 0 for κ < 1/2. Large violation of the WF law was also predicted for disordered LL on the lattice when umklapp scattering rate exceeds the impurity scattering.
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This problem was also analyzed in Refs. 23-25 within the model of inhomogeneous LL with spatially dependent interaction parameter κ(x). 26 If κ(x) varies smoothly on the scale of Fermi wave length then electrons do not suffer backscattering so that conductance is still 2e 2 /h. However, plasmons representing low energy excitation of the LL do backscatter which strongly renormalizes K. Physically this effect can be traced back to the inhomogeneityinduced lifetime of plasmons. 27 Note that anharmonic terms neglected within TL model also lead to interaction between plasmons. The effect of these two scattering mechanisms on the plasmon kinetics is very different. Indeed, in the system that lacks translational invariance momentum can be relaxed by scattering off inhomogeneities but taken alone does not lead to thermal equilibrium. In what follows we calculate thermal conductance of the genuine (homogeneous) nonlinear LL accounting for the inelastic scattering of plasmons.
II. MODEL
The simplest way to visualize charge and heat transport in repulsively interacting electron system is to consider the motion of 1D Wigner crystal (WC) 28,29 through the constriction. Wigner crystal, as realized in carbon nanotubes 30 and quantum wires 31, 32 , represents an extreme case of the LL with interaction parameter κ = π ρ 2 /ms ≪ 1, where ρ is particle density, m is electron mass and s is sound velocity of plasmons. At zero temperature the rigid shift of WC results in interaction independent conductance G 0 . It is evident that at finite temperatures thermally activated plasmon waves in WC can not affect electrical transport through perfect LL constriction. In fact such corrections require umklapp scattering which are exponentially suppressed at low temperatures and thus can be safely disregarded. However scattering of plasmons may easily alter energy transfer.
We follow recent work 33 and model the system of strongly interacting spinless electrons by the Hamiltonian (hereafter = 1)
where p l and x l are the momentum and coordinate of the lth particle (l = 1, . . . , N ), and V (x) is the interaction potential. In calculations we assume screened
where d is the distance to the screening gate and ǫ is the dielectric constant of the host material of the wire. For this model the WC state exists only in the density range 29 where a B = ǫ/me 2 is the effective Bohr radius of the material. In the WC picture electrons form a lattice while deviations u l = x l − l/ρ from the corresponding equilibrium sites describe the low energy excitations in the form of electron density waves. Indeed, assuming that relative change of interparticle distance remains small, 
, which reduces to ω q = s|q| in the low energy limit q → 0. We choose to measure all momenta in units of density so that plasmon velocity s = (e 2 ρ/ε) 2ρa B ln(ρd) has units of energy. Anharmonic terms in the expansion of Eq. (1) in powers of u l lead to interaction of plasmons and thus manifestly break integrability of the model. Quartic nonlinearity and qubic terms iterated to the second order generate two-plasmon scattering process. Ignoring the possibility of coherence between different particle states, i.e. off diagonal elements of the density matrix, plasmons can be described by the distribution function N (q, x, t), which obeys Boltzmann kinetic equation (BKE) with the collision integral
where we used shorthand notation
follows from the Fermi's golden rule with the amplitude:
Conventionally, the deltafunctions in W QQ ′ account for the momentum and energy conservations, with Q = q 1 + q 2 , Ω = ω q1 + ω q2 , and similarly for the primed values in the final state. The dimensionless number λ is not universal and depends on the choice of interaction potential V (x). For the special potentials that correspond to exactly solvable models 2 it vanishes identically, while λ = −3/4 for the screened Coulomb case. 33 In order to arrive to that particular form of A QQ ′ one necessarily has to account for the nonlinearity of the plasmon dispersion ω q in order to regularize otherwise diverging scattering rate. Collisions encoded by Eq. (2) kinematically allow a process when two comoving plasmons scatters into two counter-propagating ones. Such scattering results in the momentum and energy transfer between the left and right branches of the spectrum, and leads to thermalization.
III. THERMAL CONDUCTANCE
Consider now WC quantum wire of length ℓ subject to a thermal bias. We assume that right(left) lead is kept at temperature T r(l) such that T r − T l = ∆T . In order to find thermal conductance in such setting we need to calculate energy current carried by plasmons. The latter requires the knowledge of the nonequilibrium plasmon distribution function along the wire, which should follow from the solution of the BKE in a steady state
were s q = ∂ q ω q . Needless to say that finding solution of the integro-differential equation (3) even within the linear response to ∆T is a complicated problem. We achieve this goal by adopting an approach recently developed for the same problem in the case of weakly interaction 1D electron gas. 34, 35 To this end, it is convenient to parameterize distribution function of plasmons in the wire as follows
Here L) are their effective temperatures. The ansatz made by Eq. (4) can be understood as follows. The scattering process responsible for the energy exchange between plasmons involves three plasmon momenta q 1 , q 2 , q ′ 1 that belong to the same branch (say, right-moving), while forth one q 2 ′ has to have opposite sign as dictated by the energy and momentum conservation laws. Furthermore, at low temperatures the characteristic scale of q
3 is parametrically smaller than that of {q 1 , q 2 , q ′ 1 } ∼ T /s. This implies that redistribution of energy between co-moving plasmons occurs much more efficiently than energy transfer to counter-propagating branch. With this observation at hand, the partially equilibrated form of the plasmon distribution function (4) can be obtained from a general statistical mechanics argument by maximizing the entropy S = q [(N + 1) ln(N + 1) − N ln N ], under the constraints of approximately conserved quantities. The Lagrange multipliers u R(L) (x) and T R(L) (x) are functions of coordinate along the wire that we need to determine. For this purpose we introduce momentum j P and energy j E currents of plasmons
where n q = (e ωq/T − 1) −1 is equilibrium Bose distribution function. First, we observe that total currents are protected by conservation laws and thus must obey continuity equations
Second, the corresponding currents of right(left)-moving plasmons are not independently conserved and follow from the kinetic equations
where quantitiesṗ R andε R are respective rates of momentum and energy change, which have to be computed from the collision integral Eq. (2). Within the linear response to applied thermal bias ∆T we expand N (q, x) in Eq. (4) to the leading order in u R(L) (x) and δT R(L) (x) = T R(L) (x) − T , and calculate currents from Eq. (5). When combined with Eqs. (6) and (7) this gives us a system of four coupled linear first order differential equations that govern spatial evolution of the Lagrange multipliers that parameterize N (q, x) in Eq. (4). Specifically we find
Here first two equations correspond to the conservation laws in Eq. (6), while the last two correspond to the kinetic equations in Eq. (7). We introduced notations 7 , where τ = 2πT /s and ξ = (ρd) 2 ln τ 2 ln(ρd) . Keeping the nonlinear terms in the plasmon dispersion ω q and carrying low-temperature expansion τ ≪ 1 is justified in the limit of strong interaction provided that κ ≪ (ξτ )
2 . The relaxation length ℓ E in Eqs. (8-9) is given by
(10) To solve Eqs. (8-9) we need to supplement them by the proper boundary conditions. To find the latter we notice that once electron enters the interacting part of the wire from the leads it breaks up into plasmons. Given its excess energy, determined by the thermal bias ∆T in our case, conservation laws uniquely determine energy partitioning between right-and left-moving created plasmons. 25, 36 We thus find (11) δT
The transmission T and reflection R coefficients of plasmons from the boundaries separating interacting and noninteracting parts of a wire are given by the Fresnel law:
is not simply ±∆T /2, which is essentially due to the quantum analog of the Kapitza boundary thermal resistance. 37 This leads us to the final result for the thermal conductance K = j E /∆T :
where χ = T /(1 + R), and interaction-induced inelastic scattering length of plasmons is given by
It is instructive to analyze Eq. (14) in various limiting cases. For short wires, ℓ ≪ ℓ pl , the effect of plasmon scattering is weak and interaction-induced correction δK to thermal conductance can be obtained by perturbation theory. It scales linearly with the length of the wire, δK/K 0 ∝ −ℓ/ℓ pl . In contrast, for long wires ℓ ≫ ℓ pl , thermalization of plasmons leads to saturation of conduc-
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, where we approximated χ ≈ 2κ for the WC limit κ ≪ 1. Conversely, neglecting thermalization effects but assuming arbitrary interactions we recover from Eq. (14) K/K 0 = 2κ/(1 + κ 2 ). We wish to notice that scattering length in Eq. (15) is directly related to the plasmon lifetime τ pl = ℓ pl /s, which is in agreement with the results of the recent study Ref. 33 . In addition, there is one relevant detail which is worth emphasizing. Scattering process considered so far conserves number of plasmons in the initial and final states. This would imply that plasmons acquire chemical potential, which is of course relaxed by the other inelastic processes. The most relevant one involves two plasmons scattering into three or vise versa, which is governed by the collision in integral
with the amplitude
|, where we findλ = 55/48. 39 Kinematics of this process is such that all momenta transferred are of the same order {q, q ′ } ∼ T /s and are on the same branch. Thus this process is not relevant for the energy exchange and the thermal transport, nevertheless it leads to a finite scattering lengthl
has the same temperature dependence as ℓ
pl in Eq. (15), while naively one would expect to have it to the higher order in T since amplitude and collision integral contain extra powers of q. Two length scales are parametrically distinct in interaction strengthl
IV. THERMAL QUENCH RELAXATION
Up to this point we concentrated on the scattering of plasmon excitations and their contribution to the thermal conductance in generic LL. A related question, which attracted a lot of attention recently, is the effect of interactions on the relaxation of sudden quenches in LL.
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What is still not completely resolved is the problem of integrability-breaking perturbations on the quench dynamics, decay of currents [43] [44] [45] and ultimately approach to thermal equilibrium. 46 We address these issues in the context of the quenched nonlinear LL by studying its evolution at the time scales exceeding inelastic scattering time.
For the time dependent setting it has been shown in Ref. 33 that in the parametrization N (q, t) = n q + g q φ(q, t), where g q = n q (1 + n q ), linearized BKE for the plasmon collision integral Eq. (2) can be reduced to the eigenvalue problem for the following integrodifferential equation
The kernel is given by K(p,
and dimensionless variable p = sq/2πT parametrizes momentum. Above integral operator has continuous spectrum ζ ν = ν 2 (ν 2 + 1)/6 and can be diagonalized in the basis of the eigenfunctions
where the norm is ∆ ν = (ν 2 + 1)(4ν 2 + 1), such that φ(p, t) = ∞ 0 α ν ψ ν (p)e −ζν t/τ pl dν. Expansion coefficients should be determined from the initial conditions α ν = ∞ 0 φ(p, 0)ψ ν (p)dp. Imagine now a situation that excess energy is suddenly added to the electron liquid which generates heat current. In the actual experiments this could be realized either by selective tunneling of high energy carriers into the quantum wire or by local Joule heating via low conductance quantum point contacts. Relaxation than, in principle, can be monitored by the local thermometry based on the thermoelectric effect. We thus interested in calculating the decay of the energy current carried by (say, right-moving) plasmons. Since Eq. (17) was derived by linearizing plasmon dispersion and furthermore neglecting momentum transferred to left-movers q ′ 2 → 0 the eigenmodes of Eq. (17) possess a spurious property that j R E is conserved. To overcome this issue we calculate energy transfer rateε R directly from the initial collision integral Eq. (2) in the basis of the approximate eigenmodes ψ ν (q) by keeping transferred momentum explicitlẏ
].
We choose initial condition assuming that right-moving plasmons are hot φ R (q, 0) = g q ω q δT R (0)/T 2 . At long times, t ≫ τ pl , high-energy plasmons already equilibrated, however thermal plasmons with characteristic momenta q ∼ T /s are not yet and their eigenmode expansion at that limit can be approximated by φ(p, t) ≈ φ(p, 0)e 
and exhibits non-exponential decay. The power-exponent in j R E (t) is not universal and depends on the initial condition, however, the power-law dependence at long times is generic feature of the thermal quench relaxation in nonlinear Luttinger liquids.
V. SUMMARY
We have presented the study of the thermal transport in the generic 1D electron system beyond its integrability limit. Combined effects of the energy partitioning and thermalization of plasmons modify thermal conductance of the nonlinear LL in the nontrivial way. The leading order relaxation process stems from the two-plasmon collisions, however complete equilibration is achieved by inelastic scattering that do not conserve number of plasmon modes. Interestingly, both scattering rates have the same temperature dependence ∝ T 5 . The same physics is responsible for the thermal quench relaxation. We conclude that at the time scales exceeding interactioninduced lifetime of plasmons thermal currents display non-exponential decay, which can be rooted to the fact that eigenvalues of the collision integral for the plasmon scattering cover continuous spectrum of excitations.
